All-electron GW calculations of Si, diamond, and SiC were carried out to obtain the quasiparticle energy spectra, for the first time, including both valence and core levels, corresponding to the ultraviolet and X-ray photoemission spectra (UPS and XPS). We used an allelectron mixed basis approach, in which wave functions are expanded with both plane waves and numerical atomic orbitals. In particular for the core states, our results obtained using the perturbative (non-self-consistent) GW approach are in good agreement with available experimental data. The quasiparticle energies of core levels so obtained are also in good agreement with experiments when we do not take into account the renormalization factor z. Moreover, we refer to the bandwidth of diamond and compare with experiments.
Introduction
The first principles calculations on the basis of the density functional theory (DFT) 1) and the local density approximation (LDA) 2) were extensively used in the solid state physics. They are capable to correctly predict the ground state properties of variety of materials. In spite of this great success, the LDA eigenvalues are not capable to predict the energy band gap of insulators correctly. The LDA typically underestimates experimental band gaps by about 30%$50%.
In order to correctly determine quasiparticle energy spectra of materials, one may look for the poles of the oneparticle Green's function calculated in the framework of the many-body perturbation theory. The GW approximation (GWA) is the first order approximation of the electron selfenergy with respect to the dynamically screened Coulomb interaction, W. In this approximation, the self-energy operator can be symbolically expressed by iGW.
3) This method has been extended to the ab initio calculations, 4, 5) and applied to a variety of real systems including crystals, surfaces and clusters. 6) The results are successfully compared with experiments. These ab initio GW calculations were mainly based on the pseudopotential approach combined with plane-wave expansion method 4, 5) or the linear combination of atomic orbitals (LCAO) using Gaussian-orbitals. 7) Recently all-electron GW calculations on the basis of the full-potential linear muffin-tin orbital (FLMTO) approach, the full-potential augmented plane wave (FLAPW) approach and the projector augmented wave (PAW) approach appeared in the investigation of semiconductors. [8] [9] [10] All the results have been, however, restricted to the valence electrons only, and no result has been reported on the quasiparticle energies of core electron levels. Only exception is the semicore calculation by means of the pseudopotential Gaussian-orbital approach. 11) Instead, from the viewpoint of the all-electron calculation, it was pointed out that there is a systematic error in the previous pseudopotential GW calculations due to the ignorance of the core-valence exchange diagram. 9, 12, 13) Moreover, it was claimed that self-consistent GW calculations are required to obtain good quasiparticle energies compared with experiments. 9, 12, 13) The aim of the present paper is to show that the non-selfconsistent treatment of the all-electron GW calculations can give satisfactory results for the quasiparticle energy spectra including not only the valence but also the core levels of typical semiconductors, silicon, diamond and silicon carbide. As will be shown below, our perturbative (non-self-consistent) treatment can provide good quasiparticle energies compared with experiments.
Moreover, recently Yokoya et al. measured experimental bandwidth of heavily boron-doped superconducting diamond by using angle resolved photoelectron spectroscopy (ARPES), comparing experiments with LDA band calculations. 14) According to their results, LDA bandwidth is smaller than that of experiments by about 10%. We discuss the bandwidth of diamond in section IV.
In the present calculations, we use the all-electron mixed basis approach, in which one particle wave function is expanded both plane waves (PWs) and numerical atomic orbitals (AOs). 15, 16) We have successfully applied this approach to the all-electron GW calculations of quasiparticle energies of molecules and clusters. [17] [18] [19] [20] Although Ref. 20) deals with GaAs crystal as well as GaAs clusters, this is the first time report on the all-electron mixed basis GW calculations of energy bands and core levels of typical semiconductor crystals.
Methodology
In our all-electron mixed basis approach, the AOs are generated by a modified Herman-Skillman's code 22) which uses logarithmic mesh in radial direction and by smoothly cutting the tail within the non-overlapping atomic sphere. This approach can well describe both the spatially extended states and the localized states with relatively small number of basis functions. 15, 16) In the present work, we perform both the k-point sampling and the q-point sampling in our allelectron GW code [17] [18] [19] [20] as described below. Our formulation of the ab-initio all-electron GWA is essentially based on the paper by Hybertsen and Louie, 4) who used the pseudopotential approach. We start from a calculation at the LDA level and determine the wave functions jnki and the energy eigenvalues " nk . In the many-body perturbation theory, the quasiparticle energies E qp nk can be obtained by solving the Dyson equation
Here, T, V nuc , V H , and AE are the kinetic energy operator, the nucleus Coulomb potential, Hartree potential, and the selfenergy operator, respectively. This self-consistent equation is correct if AEðr; r 0 ; !Þ varies slowly with ! over the corresponding small range around ! ¼ E qp nk .
21)
Here, we employ an approximation, where the self-energy operator is given by AEðr; r 0 ; !Þ
by ignoring the 3-point vertex function À. Here, G, W, and denote the one-particle Green's function, the dynamically screened Coulomb interaction, and a positive infinitesimal number, respectively. Usually, undressed Green's function, G 0 , and undressed dynamically screened interaction, W 0 , are used instead of dressed ones, G and W, respectively. In what follows we shall not distinguish G and G 0 , and W and W 0 . W 0 is evaluated within the random phase approximation (RPA) as is usual. 4) In the present study, we use the LDA eigenvalue, " n 0 k , and wave function, n 0 k ðrÞ to evaluate G:
where n 0 ¼ 0 þ for " n 0 < F and n 0 ¼ 0 À for " n 0 > F , provided that F is the Fermi energy. The dynamically screened Coulomb interaction in Fourier space is related to the dielectric matrix by
where vðq þ GÞ ¼ 4=jq þ Gj 2 is the Coulomb potential in Fourier space ( is the volume of the unit cell), and " GG 0 ðq; !Þ is the dielectric matrix defined by
with the polarizability function within the RPA:
where G and G 0 are reciprocal lattice vectors, and f ð"Þ denotes the Fermi-Dirac distribution function. The matrix elements in the numerator involve the intermediate states jn 1 k þ qi and the summation over k should be performed in the whole Brillouin zone. We evaluate this polarizability function for many different q points; for details, see below.
The Fourier transform of eq. (4) to real space is then,
We divide the dynamically screened Coulomb interaction W into two parts as
where v is the bare Coulomb interaction. Then the self-energy operator AE is also divided into two parts: One is the Fock exchange term given by
and the other is the correlation term given by
The expectation values of the Fock exchange contribution are given by
where the summation with respect to n 1 should include core levels, while for the correlation part of the self-energy, the generalized plasmon-pole (GPP) model 4) is used to bypass the calculation of the ! dependence of the dielectric matrices and the ! 0 -integration in eq. (2) . Then the expectation values of the correlation part are given by
where! ! GG 0 and 2 GG 0 ðqÞ are the same functions as those defined in the paper by Hybertsen and Louie. 4) Here we note that the summation with respect to n 1 in the first term includes only valence levels and that the valence electron density (not the all electron density) should be used to determine these quantities because the screening is caused by the valence electrons only. The matrix elements in the numerator of (6), (10) , and (11) involve the intermediate states jn 1 k þ qi and jn 1 k À qi; and a summation over whole Brillouin zone with respect to k is needed in (6), while a summation over whole Brillouin zone with respect to q is, in principle, needed in (10) and (11). The latter q-point sampling can, however, be restricted only inside the irreducible wedge with the 1/48 (or 1/24 for SiC) volume of the whole zone, if we average the degenerate complex of the final quasiparticle energies over the levels to be degenerate and over the stars of the symmetry k point under consideration in (10) and (11), as first pointed out in Ref. 4) .
Finally, the quasiparticle energies are obtained in terms of the first-order perturbation theory as
In the present study, although we employ both eq. (12) and eq. (13) to evaluate the QP energies, the resulting quasiparticle energies do not change significantly for valence and conduction bands. In such cases, it only makes all quasiparticle energies shift constantly in the same direction. However, for core energy levels, eq. (12) and eq. (13) lead to different results (see Sec. 4).
Conditions of Calculations
In the present calculation, we assume the smallest fcc unit cell of the edge length of 3.84 Å , 2.52 Å , and 3.08 Å , respectively, for Si, diamond, and SiC inside which two atoms are located. We use 10 (for silicon), 8 (for diamond), and 9 (for silicon carbide) numerical AOs and 1471 PWs corresponding to the cutoff energy of 48 Ry (for silicon), 111 Ry (for diamond), and 75 Ry (for silicon carbide). For the evaluation of P GG 0 ðq; ! ¼ 0Þ and AE c;nk , 120 (for silicon) or 100 (for diamond and silicon carbide) states are used in the summation over n (and n 1 ) in eqs. (6) and (11), and 339 GðG 0 Þ corresponding to the cutoff energy of 19 Ry (for silicon), 43 Ry (for diamond) and 29 Ry (for silicon carbide) are used. On the other hand, in the calculation of AE x;nk , 40857 G corresponding to the cutoff energy of 431 Ry (for silicon), 1001 Ry (for diamond) and 673 Ry (for silicon carbide) are used to take into account correctly the core contribution.
For LDA level calculations, we use two special k points to achieve a convergence within 0.01 eV. On the other hand, for the calculation of " GG 0 ðq; 0Þ, AE x;nk and AE c;nk ð"
LDA nk Þ, we use 23 (for silicon), 13 (for diamond), and 25 (for silicon carbide) q points including À point in the irreducible wedge of the Brillouin zone (for the point q ¼ 0, we used the treatment described in Appendix B of Ref. 4)), and 32 k points including À point in the whole Brillouin zone. Tables 1, 2, and 3 From these tables, we find that the GWA correction to the LDA, jAE x;nk þ AE c;nk ð" LDA nk Þ À LDA xc;nk j is at most 1.5 eV for valence levels although it is large for core levels. This means that the LDA for silicon and diamond crystals is not so bad compared to the case of clusters. [17] [18] [19] [20] Also we find that, for the 2p and 2s core levels, the values at different k points are the same up to the two digits in eV, i.e., they have almost no dispersion. We show the band structures of Si and diamond in Fig. 1  and Fig. 2 . The band gaps of silicon and diamondwithin the LDA (GWA) are 0.43 eV (1.19 eV) and 4.0 eV (5.0 eV) respectively. The corresponding experimental energy gaps are 1.17 eV and 5.48 eV, respectively. The present GWA improves the LDA eigenvalues. The present GW calculations agrees well with other GW calculations. As for valence bands, the GWA systematically enlarges bandwidth of the LDA.
Results and Discussion
In Tables 4, 5 , and 6, we compare our results of silicon, diamond, and silicon carbide with the preexisting results using the pseudopotential plane-wave approach 4) and the pseudopotential Gaussian-orbital approach 7, 11) (and also the PAW approach 10) and the FLMTO approach 8) for silicon) as well as experiments. [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] The final results indicated by E GWA nk and E
GWA,RN nk
are fairly in good agreement with previous calculations and experiments as for valence and conduction bands. As for core energy levels, the difference between quasiparticle energies with and without the renormalization factor z is larger than that of valence and conduction bands. For example, in the case of diamond, the corresponding value of 1s level is about 5 eV. Equation (12) , at least phenomenologically, leads to better results compared to eq. (13). Let us discuss the reason in terms of the Ward identities, which is exact and related to renormalized Green's function and vertex function À. In general, the generalized Ward identity 34) is known but, for simplicity, we focus on a Ward identity (several Ward identities are known) expressed as
because other Ward identities are not directly related to the present study. This equation is exact in the limit q ¼ 0 and then ! ! 0. It is easy to find that z and À cancel each other when evaluating the quasiparticle energies because the electron self-energy operator is exactly defined by AE ¼ iGWÀ. In other words, that the effect of z becomes large means that the effect of vertex function À also becomes large. However, all the GW calculations including present calculations do not take into account the effect of À because correct behaviour of À is not yet known and such a kind of calculations is no longer GW calculation. Our calculated results with and without z show that the inclusion of only z is not enough and we may have to employ À in the calculation. As a result, this kind of cancellation error may occur when evaluating the quasiparticle energies of core levels within the GW approximation. On the contrary, in valence levels, z does not contribute quasiparticle energies significantly. Fig. 1 Band structure of silicon in eV. Triangle and circle show the LDA eigenvalues and GW quasiparticle energies, respectively. In the figure, we take the top of valence bands as a reference value. See also Table 4 . Fig. 2 Band structure of diamond in eV. White circle and red circle show the LDA eigenvalues and GW quasiparticle energies, respectively. Although we show the absolute value of the LDA eigenvalues and GW quasiparticle energies, in this case we do not have any physical meanings. See also Table 5 . Next, let us discuss the validity of the RPA in core region. The GWA is essentially equivalent to the RPA in the correlation term, AE c . The RPA is exact at long range limit and therefore in the vicinity of nuclei the RPA is not correct in principle even if the local-field corrections in Ref. 4 ) are taken into account. Note that the ''local-field corrections'' in Ref. 4 ) and ''local-field effect'' in the electron liquid theory are completely different. The former is within the RPA and the latter corresponds to vertex corrections, namely, going beyond the RPA. Nevertheless, the present calculations give fairly good results compared with experiments. In principle, we have to employ some approximations beyond the RPA, namely, vertex corrections for W given by eq. (4) in the calculations of core levels. Unfortunately, at the moment, we do not know whether the present good results comes from the invalidity of the RPA because the vertex corrections of the GW self-energy also play a role.
Finally, let us refer to the band width of diamond. Recently, Yokoya et al. measured experimental bandwidth of heavily boron-doped superconducting diamond by using angle resolved photoelectron spectroscopy (ARPES), comparing experiments with LDA band calculations. 14) They proposed that LDA bandwidth is smaller than that of experiments by about 10%. Our results of the LDA bandwidth is about 21.3 eV, comparable with other calculations within the LDA. On the other hand, the present GW approach enlarges the LDA bandwidth by about 10%. It seems that the present GW calculations improves the LDA band structure.
Conclusions
We have newly implemented the k-point and q-point samplings in the all-electron mixed basis GW code and applied it to silicon, diamond, and silicon carbide crystals. We have solved the Dyson equation first iteratively within the GWA. In the calculations, we have also employed the generalized plasmon-pole model to skip the numerical integration with frequency.
The obtained quasiparticle energies at both valence bands and conduction bands are in good agreement with other ab-initio GW calculations and experiments. We have also performed the GW calculations of core energy levels. The present GW calculations significantly improved the LDA eigenvalues, although the RPA is theoretically invalid in this region. At the core energy levels, the quasiparticle energies strongly depend on the renormalization factor z: quasiparticle energies obtained via eq. (12) are in much better agreement with experiment, compared with the corresponding values via eq. (13) . The present GW calculations also reproduced the bandwidth of valence bands of diamond.
